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Abstract

Natural languages are largely context-sensitive, yet
context-sensitive grammars cannot be identified in
the limit from positive examples[Gold, 1967].
Mildly context-sensitive languages are able to ex-
press the most common context-sensitive structures
found in natural language. We restrict our view
to a class of mildly context-sensitive languages
which can be described by simple external contex-
tual grammars. We present the first polynomial-
time algorithm for inferring these grammars from
positive data.

1 Introduction
Despite the fact that every normal child masters his native lan-
guage, the learning mechanisms that underly this distinctly
human feat are poorly understood. The ease with which chil-
dren learn language belies the underlying complexity of the
task. They face a number of theoretical challenges, includ-
ing apparently insufficient data from which to learn lexical
semantics (Quine’s “gavagai” problem[Quine, 1960]) or syn-
tax (Chomsky’s “argument from the poverty of the stimulus”
[Chomsky, 1975]). For example, it is known many classes
or formal languages, such as regular and context-free, cannot
be learned solely from positive examples, i.e. strings that are
in the (regular or context-free) language to be learned[Gold,
1967]. This is problematic because children either do not re-
ceive negative examples (i.e., strings that are not in the lan-
guage to be learned) or pay little attention when such exam-
ples are presented[Marcus, 1993].

There are a few standard ways of avoiding these theoretical
obstacles to learning syntax from positive examples. One is
to assume the existence of information in addition to positive
examples that comprise the training data. For example, most
algorithms for learning context-free grammars from positive
examples assume that each example is paired with its unla-
beled derivation tree, which is the parse tree for the string
from which the non-terminal labels on the interior nodes have
been removed[Makinen, 1992; Oateset al., 2002]. An alter-
native is to restrict the class of languages from which the lan-
guage to be learned can be drawn. A variety of subsets of the
set of all regular languages are known to be learnable from
positive examples[Makinen, 1997].

These approaches to learning the syntax of formal lan-
guages are problematic when applying the resulting algo-
rithms to learning the syntax of natural languages. For exam-
ple, the additional information assumed to exist may in fact
not be available to children. For example, children clearly
do not receive utterances paired with unlabeled derivation
trees (though see[Oateset al., 2004] for a method for in-
ferring these trees from the sensory context). Also, natural
languages exhibit some syntactic constructions that are reg-
ular, some that are context-free, and some that are context-
sensitive. Therefore, restricted classes of regular or context-
free languages have insufficient expressiveness.

In this paper, we present a polynomial-time algorithm for
learning Simple External Contextual (SEC) languages from
positive data. SEC languages aremildly context sensitive.
That is, they can express the context-sensitive syntactic con-
structions that are most prevalent in natural languages, such
as multiple agreement, crossed agreement and duplication
[Kudlek et al., 2002]. In addition, neither the regular lan-
guages nor the context-free languages are a proper subset of
theSEC languages. That is, there exist regular and context-
free languages for which no correspondingSEC language ex-
ists.

Because expressiveness and computational tractability are
typically inversely related, the goal of most mildly context-
sensitive languages is to provide sufficient context sensitivity
for natural language applications while keeping open the pos-
sibility of polynomial time algorithms for standard tasks such
as parsing and grammar induction. Currently, the most effi-
cient algorithm known for learningSEC languages from pos-
itive examples is exponential[Becerra-Bonache and Yoko-
mori, 2004]. This paper presents the first polynomial time
algorithm for learningSEC languages from positive data, and
proves its correctness, thereby realizing the computational ad-
vantages of the restricted expressiveness ofSEC languages.

The remainder of this paper is organized as follows. Sec-
tion 2 describes External Contextual grammars and Simple
External Contextual grammars in more detail. Section 3 de-
scribes our algorithm for learningSEC grammars from pos-
itive data. Section 4 establishes various theorems about the
correctness of the algorithm. Finally, Section 5 concludes
and points to future work.



2 External Contextual Grammars
This section reviews Mildly Context-Sensitive grammars. We
study External Contextual (EC) grammars and a subset of
them called Simple External Contextual (SEC) grammars.

An EC grammar is a three tupleG = (Σ, B, C), whereΣ
is the alphabet of G, B is a finite set ofp-words overΣ called
thebaseof G, and C is a finite set ofp-contexts overΣ. C is
called the set ofcontextsof G.

A p-word xoverΣ is ap-dimensional vector whose com-
ponents are words overΣ, i.e., x = (x1, x2, ..., xp), where
xi ∈ Σ∗, 1 ≤ i ≤ p. A p-context cover Σ is a p-
dimensional vector whose components are contexts overΣ,
i.e., c = [c1, c2, ..., cp] whereci = (ui, vi), ui, vi ∈ Σ∗,
1 ≤ i ≤ p. We denote vectors of words with parentheses, and
vectors of contexts with square brackets. Strings are derived
by applyingcontexts to the base of the grammar (wrapping
elements of p-contexts around corresponding elements of p-
words). The number of contexts applied in a derivation of a
string is called thedepthof the string.

Let x = (x1, x2, ..., xp) and y = (y1, y2, ..., yp)
be two p-words over Σ. By definition, x ⇒G y iff
y = (u1x1v1, u2x2v2, ..., upxpvp) for somep-contextc =
[(u1, v1), (u2, v2), ..., (up, vp)] ∈ C.

The language generated by G, denotedL(G), is defined as:

L(G) = {y ∈ Σ∗| there exists(x1, x2, ..., xp) ∈ B such
that(x1, x2, ..., xp)⇒∗

G (y1, y2, ..., yp) andy = y1y2...yp}.
TheEC language family is superfinite (the base of G can

be any finite set of p-words) and therefore not learnable in the
limit from positive data[Gold, 1967]. We restrict the class
of languages to Simple External Contextual (SEC) grammars
where the base, B, is a singleton ofp-words overΣ.
SEC grammars can further be specified by two parameters,

p and q, and can be written asSECp
q .

p (dimension) - the number of elements in the base, sepa-
rated by commas)

q (degree) - the number of contexts.

TheEC andSEC families occupy eccentric positions in the
Chomsky hierarchy (see figure 1). Both are strictly contained
in the class of context-sensitive languages and are incompa-
rable with the classes of context-free and regular languages.
They can express the context-sensitive syntactic constructions
that are most prevalent in natural languages.

Most state-of-the-art grammatical inference algorithms ap-
ply to regular and context-free language, but few apply to
mildly context-sensitive languages.

2.1 Example
Consider the followingSEC21 grammar:

Let G = ({a, b, c}, B, C), B = {(λ, λ)}, C = {c1 =
[(a, b), (c, λ)]}

The derivation of the string aabbcc is the application of
context c1 two times to the base:(λ, λ) ` (aλb, cλλ) `
(aaλbb, ccλλλ). Finally the internal strings are concatenated
resulting in aabbcc.

Note thatL(G) = {anbncn | n ≥ 0}.

Figure 1: TheSEC family occupies an eccentric position in
the Chomsky hierarchy.

3 Induction Algorithm

Our algorithm to infer simple external contextual grammars
works given a set of strings,S, that were generated by an
SECp

q grammar (where p and q are known), and a depthd.
The list of strings must be exhaustive up to depthd. The
smallest string inS is the concatenation of the elements in
the base. However, there are multiple possibilities for what
the actual base is (depending on the value of p). From the
smallest string, a set of possible bases,B, is generated. For
example, if p=2 and the smallest string inS is aa, then the set
of possible bases is{(λ, aa), (a, a), (aa, λ)}.

The rest of the algorithm is repeated for everybj ∈ B.
The strings inS are processed forbj . Eachsi is assumed
to have been generated by a single application of a context
to the base. The possible contexts that could have generated
si after one application tobj are stored in a setP . When
all the strings inS have been processed, the correct grammar
must be found. The elements ofP are grouped into grammars
with q contexts in all possible ways and stored in a setG.
Any element ofG that cannot generate every string inS is
discarded, leaving only those grammars inG that generateS.
Next, every elementg ∈ G is used to generate all possible
strings up to depthd. If any of the generated strings are not
in the input setS theng is discarded.

For example, consider an input setS =
{a, aaa, bab, ababa, baaab} for a language generated
by anSEC12 grammar. The input is exhaustive up to depth
2. The shortest string inS is a, and therefore it is the
string representing the base. Sincep = 1, a is the only
possible base. Assuming thataaa was generated by a single
application of a context toa, the possible contexts that
can generate the input set are{[(λ, aa)], [(a, a)], [(aa, λ)]}.
This is done again forbab, resulting in{[(b, b)]}. All of
the possible contexts are then put in a setG. The only
gi ∈ G that can generate the language is{[(a, a)], [(b, b)]};
the rest are discarded. All possible strings up to depth 2
have derivations in this grammar. Since it is equal to the
input set, this grammar is not discarded and is output by the
algorithm. In this case, there was only one possible base. If



this grammar had beenSEC22, then the possible bases would
have been{[(λ, a)], [(a, λ)]}. For each of the possible bases,
the setG would have been constructed and every element of
that set tested. Unlike the example chosen here, many input
sets can be generated by several grammars, some of which
have distinct bases.

The factors that influence the running time of the algorithm
(see figure 2) are dimension, degree, the length of the base
and maximum depth in the input set. We assume that p, q and
the length of the base are all small constants. Obviously, the
dominating section is the nested loop which generates all pos-
sible contexts given all possible bases and checks the strings
generated by these candidate grammars against the inputSet.

Given the smallest string, the base, in the inputSet, there
are(|base|+1)p−1 possible bases (inserting p-1 commas into
the smallest string). Given a stringsi, all of the possible con-
texts to derivesi with one application is at most(|si|+ 1)2p.
Given the set of all contexts from above, we can pick all sets
of contexts of sizeq, or

(
(|si|+1)2p

q

)
. Given a candidate gram-

mar, all of the strings that it generates up to a depth of d can
be enumerated and compared to elements in the inputSet in at
most(

∑d
i=1 qi) ∗ |inputSet| steps.

Therefore, the cost of the nested loop is bounded by
(
∑d

i=1 qi) ∗ |inputSet| ∗
(
(|si|+1)2p

q

)
∗ (|base|+ 1)p−1.

What we will next prove is that the size of the input set is
finite and small (in some cases depth 3 suffices), and that with
a small dimension, degree and base, the problem of inferring
the grammar with our algorithm becomes tractable.

4 Proof of the Existence of a Characteristic
Sample

We prove that a finite sample of the language, a characteristic
sample, is sufficient to infer a grammar for the language.

Let G and G’ be minimalSEC grammars as follows:
G = (p, q, B, C1, C2, ..., Cq)
G’ = (p’, q’, B’, C1’, C2’, ..., Cq ’)
B is the base and Ci is a context. Assume that p = p’ and

q = q’. A grammar is minimal if there is no other grammar
with smaller values of p or q with the same language. For the
remainder of this paper, we restrict the base in all grammars
to λ.

For a vector of strings X, let CONCAT(X) equal the string
obtained by concatenating all strings in X in the order in
which they occur. We use the symbol / to denote application
of a production. For example, Ci/B is the p-vector obtained
by applying context Ci to base B.

Let Ld(G) be the set of strings in L(G) that require d or
fewer derivation steps. L0(G) = {CONCAT(B)}.

We want to prove the following theorem.

Theorem 1 L(G) = L(G’) and CONCAT(Ci) 6=
CONCAT(Cj) for i 6= j and 1 ≤ j ≤ q if and only if
Ld(G) = Ld(G’) for an appropriately small d and minimal
grammars, G and G’.

We now prove a series of lemmas and theorems to this end.

Lemma 1 If L(G) = L(G’) then CONCAT(B) = CON-
CAT(B’).

Proof. Suppose L(G) = L(G’) but CONCAT(B)6= CON-
CAT(B’). Because G and G’ are minimal, there are no con-
texts containing nothing but empty strings, because they
would be superfluous. The shortest string in L(G) is CON-
CAT(B) because all other contexts, being non-empty, add
characters when applied to the base. Note that all other strings
in L(G) are longer than CONCAT(B). Likewise for the short-
est string in L(G’). If CONCAT(B)6= CONCAT(B’) then the
shortest string in L(G) is not equal to the shortest string in
L(G’), which means that L(G)6= L(G’). This is a contradi-
tion, so CONCAT(B) must equal CONCAT(B’).

Lemma 2 If L(G) = L(G’) and CONCAT(Ci) 6=
CONCAT(Cj) for i 6= j and 1 ≤ j ≤ q, then there is a
bijective mapping (one-to-one and onto) f from contexts in G
to contexts in G’ such that CONCAT(Ci) = CONCAT(Cf(i)’).
That is, for each Ci in G there exists precisely one Cj ’ in G’
such that CONCAT(Ci) = CONCAT(Cj ’), and for each Ci’ in
G’ there exists precisely one Cj in G such that CONCAT(Ci’)
= CONCAT(Cj).

Proof. If a mapping f between contexts in G and con-
texts in G’ such that CONCAT(Ci) = CONCAT(Cf(i)’) ex-
ists, then it must be bijective. It must be one-to-one be-
cause CONCAT(Ci) 6= CONCAT(Cj) for i 6= j and 1≤ j ≤
q. A many-to-one mapping would require that CONCAT(Ci)
= CONCAT(Cj) for some i 6= j. A one-to-many map-
ping imposes the same requirement. If CONCAT(Ci) =
CONCAT(Cj ’) and CONCAT(Ci) = CONCAT(Ck ’) for j 6=
k, then because each context in G must be mapped, some
context other than Ci, call it Ch, will map to either Cj ’ or
Ck ’, which means that CONCAT(Ci) = CONCAT(Ch). This
establishes that if a mapping exists it must be one-to-one.
Finally, because q = q’, the mapping must be onto as well.
Therefore, if a mapping exists, it must be bijective.

The only way for the theorem to not hold, then, if for there
to be some Ci such that there does not exist a Cj ’ such that
CONCAT(Ci) = CONCAT(Cj ’). That is, there is no mapping
with the desired property.

If we assume that there exists a Ci such that no Cj ’ exists,
that means that there is a string, S, in L(G) that can be derived
by one application of Ci that need several applications of con-
texts in L(G’) because there is no Cj ’ such that CONCAT(Ci)
= CONCAT(Cj). Lets assume that L(G’) needs C1’ and C2’
to produce one application of Ci. Then L(G) needs to contain
C1’/B’ and C2’/B’ because both of those can be produced by
L(G’). However, if it contains those then it can also produce
Ci be applying those contexts. This makes Ci unnecessary
and L(G) is no longer minimal.

Lemma 3 If L(G) = L(G’) and CONCAT(Ci) 6=
CONCAT(Cj) for i 6= j and 1 ≤ j ≤ q, then strings in
L(G) and L(G’) have the same derivations up to renaming of
contexts.

Said differently, there is a bijective mapping (one-to-one
and onto) f from contexts in G to contexts in G’ such that if
string S has derivation D in G then the derivation of S in G’
can be obtained by applying the mapping to each context in
D. That is, if the derivation of S in L(G) is

Ci/Cj /.../Ck/B
then the derivation of S in G’ is



INFER-GRAMMAR(d, p, q, inputSet)
1 smallest← FIND-SMALLEST(inputSet)
2 bases← GENERATE-POSSIBLE-BASES(p, smallest)
3 finalGrammars← {}
4 result← {}
5
6 for base ∈ bases
7 do possibleContexts← {}
8 for i ∈ inputSet
9 do possibleContexts.push[GENERATE-POSSIBLE-CONTEXTS(i, base)]

10
11 possibleGrammars← GENERATE-ALL -CONTEXT-COMBINATIONS(possibleContexts)
12 for j ∈ possibleGrammars
13 do if CAN-GENERATE-ALL -STRINGS(j, base)
14 then finalGrammars.push[{j, base}]
15
16 for k ∈ finalGrammars
17 do if GENERATES-EXACT-LIST(d, k, inputSet)
18 then result.push[k]
19 RETURN(result)

Figure 2: Pseudocode of the inference algorithm.

Cf(i)’/Cf(j)’/.../Cf(k)’/B’

Proof. All derivations begin with the base B. Consider
one-step derivations of the form Ci/B, which means con-
text Ci is applied to base B. Let S0 = CONCAT(B) and S1
= CONCAT(Ci/B). The only difference between S0 and S1
is that S1 contains, in addition to the characters in B, the
characters in CONCAT(Ci) in the same linear order, though
they may not be contiguous. No context other than Ci can
add those characters in one step because CONCAT(Ci) 6=
CONCAT(Cj) for i 6= j and 1≤ j ≤ q.

By lemma 2, there must exist a context Cj ’ in G’ such
that CONCAT(Ci) = CONCAT(Cj ’). For the sake of sim-
plicity, we assume that context is Ci’. Because CONCAT(Ci)
is unique among the contexts in G, so must be CONCAT(Ci’)
be among the contexts in G’ (by lemma 2). Therefore, the
only way to derive S1 in G’ is Ci’/B’, and all strings in L1(G)
have the same derivations in L(G’) up to renaming of con-
texts.

Suppose, inductively, that this holds for derivations up to
depth d. Let Sd be any string in L(G) that requires d deriva-
tions and let Sd+1 be any string in L(G) derivable from Sd by
applying one more context. By the induction assumption, the
derivation of Sd is the same (up to renaming of contexts) in G
and G’. Whatever context is added in G to Sd to obtain Sd+1,
its analog in G’ must by applied to derive Sd+1 because no
other context can add the required characters.

Theorem 2 If L(G) = L(G’) and CONCAT(Ci) 6=
CONCAT(Cj) for i 6= j and 1 ≤ j ≤ q, then Ld(G) =
Ld(G’) for any depth d.

Proof. Suppose L(G) = L(G’) but Ld(G) 6= Ld(G) for some
depth d. Let d be the smallest such depth for which this is the
case. Then either there exists an S in Ld(G) that requires d
derivation steps that is not in Ld(G’), or vice versa. Without

loss of generality, we focus on the former case. Because L(G)
= L(G’), there must be some depth d’> d such that S is in

Ld
′

(G’). However, by lemma 3, if there is a depth d derivation
of S in G, there is a depth d derivation of S in G’. This is a
contradiction, so Ld(G) = Ld(G’) for all depths d.

Theorem 3 There exists a finited, such that for all grammars
G andG′, if Ld(G) = Ld(G′) thenL(G) = L(G′).

Proof. Let the propositionP be equivalent toLd(G) =
Ld(G′) and let the propositionQ be equivalent toL(G) =
L(G′). Then the theorem can stated formally as

(∃d)(∀G)(∀G′)[P → Q] (1)

To prove that this is a tautology, it suffices to show that the
negation of (1) is a contradiction. The negation can be written

(∀d)(∃G)(∃G′)[P ∧ ¬Q] (2)

(∃G)(∃G′)(∀d)[(Ld(G) = Ld(G′)) ∧ (L(G) 6= L(G′))]
(3)

The last equation states that there exist grammarsG and
G′ such that at any finite depth the strings produced by either
grammar are equal but the languages are not. With any finite
language, this is clearly a contradiction. In an infinite lan-
guage, the set of all possible depths in that language is clearly
denumerable. The only restriction ond is that it belong toN,
making the set of alld countably infinite. Because for both
the set of alld and for the set of all possible depths, a bijection
from N exists, they must be of the same size. Thus, compar-
ing the languages at all finited is equivalent to comparing
the whole language, making (3) a contradiction. Since the
the negation of (1) is a contradiction, (1) must be a tautology.
Therefore, there exists a finited such that for all grammarsG
andG′, if Ld(G) = Ld(G′) thenL(G) = L(G′).



Theorems 2 and 3 collectively prove Theorem 1.
Theorem 1 and its proof establish that there exists a finite

depthd such that the strings inLd(G) for anySECp
q grammar

are a characteristic sample, i.e., they uniquely identify the lan-
guage. In the complexity analysis of our learning algorithm,
d is a constant, but as with any constant hidden insideO()
notation, if the constant is large it can make the algorithm
practically infeasible. We now show that forSEC11 languages
d = 2 suffices, and forSEC1q languagesd = 3 suffices. We
conjecture thatd = 3 is sufficient for arbitraryp andq, and
are working on the proof.

We begin with the following lemma:

Lemma 4 Let A,B ∈ Σ+. If AB = BA, then there exists
p ∈ Σ+ and integersx, y > 0 such thatA = px andB = py.

Proof. (sketch)Let n = |A| andm = |B|. Without loss
of generality, assumen = m + k for k ≥ 0. If k = 0 then
n = m andA = B (becauseAB = BA and the strings are
of equal length) sop = A = B andx = y = 1. Now suppose
k > 0. Let Si denote theith character in stringS, where the
index of the first character is 1. LetSi,j denote the sub-string
of S from charactersi throughj.

BecauseAB = BA it must be the case thatABi = BAi

for 1 ≤ i ≤ m + n. Note thatABm+1,m+k corresponds to
the lastk characters ofA, and thatBAm+1,m+k corresponds
to the firstk characters ofA. Therefore, these sub-strings
must be equal. Because the firstk characters ofA in AB are
mapped to the firstk characters ofB is BA, bothA andB
must share a lengthk prefix. Now note that this prefix ofB in
AB maps to the secondk characters inA in BA. Due to the
difference in length ofA andB, this matching constraint is
propagated through both strings, yielding the desired result.

The following two theorems says that the strings inL2(G)
are a characteristic sample forSEC1

1 grammars and that the
strings inL3 are a characteristic sample forSEC1

q grammars,
respectively. Proof sketches are omitted due to space restric-
tions.

Theorem 4 LetG andG′ be minimalSEC1
1 grammars. It is

the case thatL2(G) = L2(G′) iff L(G) = L(G′).

Theorem 5 LetG andG′ be minimalSEC1
q grammars such

that for contexts inG it is the case thatCONCAT (Ci) 6=
CONCAT (Cj) for i 6= j and1 ≤ i, j ≤ q. It is the case
thatL3(G) = L3(G′) iff L(G) = L(G′).

5 Conclusion and Future Work
We have presented a polynomial time algorithm for inferring
SECp

q grammars from positive data. Theorem 1 established
that the size of the sample needed to infer anSECp

q is finite.
Theorems 4 and 5 are toward demonstrating that the maxi-
mum depth required in the characteristic sample is only 3.
This is the first such efficient algorithm as the previous at-
tempt was exponential.

Future work will attempt to remove some of our working
assumptions. Eventually, we want to extend our algorithm to
any number of bases, thus learning external contextual gram-
mars. AsEC languages are superfinite, additional information

is required to learn the grammars. We are interested in look-
ing at ways in which the context-free structural approaches
might be applied toEC languages. The ability of this for-
malism to describe non-context-free structures is particularly
alluring for real world data applications. We are interested in
applications for natural language processing.
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